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Glasses are known to be vulnerable to tensile stresses particularly in the presence of pre-
existing cracks. Since cracks in glass components are very often subjected to mixed mode
loading, several researchers have studied mixed mode fracture in soda lime glass using dif-
ferent test specimens. Among these specimens, the cracked Brazilian disc specimen has
been used most frequently by investigators. However, it is shown in this paper that the pre-
viously reported experimental results obtained from the cracked Brazilian disc specimen
for several glasses are always underestimated by fracture theories like the maximum tan-
gential stress criterion. A generalized maximum tangential stress criterion is then
employed for predicting the mixed mode fracture test results. It is shown that the exper-
imental results obtained from the cracked Brazilian disc specimen and reported in the lit-
erature for soda lime glass can be estimated very well when the generalized criterion is
used. It is also shown that the same criterion can be used for predicting the test results
available in the literature for brittle fracture in a glass plate containing an angled center-
crack.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Glass products are sustainable to sudden failure and catastrophic fracture particularly in the presence of pre-existing
cracks. Therefore, it is important to investigate crack growth behavior in glasses under various loading conditions by means
of suitable theoretical and experimental methods. While soda lime glass is often considered as a model brittle material in
fracture mechanics, its optical transparency also allows the direct observation of crack growth path. Many researchers have
used different experimental methods to study the fracture behavior of glasses. For example, Gong et al. (2001) studied the
statistical mode I fracture toughness (KIc) of soda lime glass by the indentation technique. Koike et al. (2007) investigated the
sub-critical crack growth of glass by double cleavage drilled compression (DCDC) specimen under pure opening mode. The
fracture toughness of soda lime ﬂoat glass has been also studied by Abrams et al. (2003) using four point bend conﬁguration.
Park et al. (2001) studied the effect of loading rate on KIc for some ceramics including soda lime glass by means of surface
cracks in ﬂexural bending. Deriano et al. (2004) determined the values of KIc for several glasses such as soda lime glass using
indentation and single edge notched beam methods. The Hertzian contact method is also a favorite method for obtaining
glass fracture toughness. Warren (1995), Maschio and Nobile (1995) and Geandier et al. (2003) used this technique for mea-
suring KIc of soda lime glass. Petit et al. (2007) also conducted a series of mode I tests on soda lime glass using both Hertzian
indentation method and single-edge notched V shaped beams under three-point bending. A review of these investigations. All rights reserved.
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In real applications, cracks and ﬂaws that exist in ceramic and glass components are very often subjected to a combina-
tion of opening and in-plane sliding modes of deformation. Brittle fracture in such situations should be studied by theoretical
and experimental methods available for mixed mode I/II fracture. In the experimental studies, the mixed mode fracture
toughness is obtained by means of suitable test specimens. Different test specimens which have been used in the past for
investigating mixed mode fracture in soda lime glass are reviewed brieﬂy here.
He et al. (1990) and Li and Sakai (1996) made use of the edge cracked beam specimen under four-point bend loading in
their mixed mode fracture experiments on soda lime glass. The compact tension–shear specimen was employed by Yoda
et al. (1995) for studying combined mode I/II fracture toughness of glass. Ritter et al. (2000) used the offset-crack DCDC con-
ﬁguration for exploring sub-critical crack growth of soda lime glass under mixed mode I/II loading. The mixed mode fracture
toughness and fatigue resistance of soda lime glass have also been investigated in water environment by Sglavo et al. (2003)
using sandwich beam samples. Some researchers such as Glaesemann et al. (1987), Freiman et al. (1979) and Ikeda and Igaki
(1990) investigated mixed mode I/II fracture of glass by means of inclined knoop indentation ﬂaws. The centrally cracked
plate subjected to uniform far ﬁeld loading is also a favorite specimen for researchers working on mixed mode fracture of
glass (Panasyuk et al., 1965; Kordisch et al., 1984; Awaji et al., 1999). However, a review of literature shows that the cracked
Brazilian disc (CBD) specimen has been utilized most frequently for investigating mixed mode fracture in glasses as well as in
other ceramics. For example, using the CBD specimen, mixed mode fracture has been investigated in soda lime glass by
Shetty et al. (1986, 1987), Shetty and Rosenﬁeld (1991), Awaji and Kato (1998) and Awaji et al. (1999) and in other types
of ceramics by Singh and Shetty (1989), Awaji and Sato (1978), Awaji et al. (1999) and Hirano (2005).
On the other hands, there are also some theoretical criteria for predicting the onset of brittle fracture under mixed mode
I/II loading. The maximum tangential stress (MTS) criterion (Erdogan and Sih, 1963), the maximum energy release rate (G)
criterion (Hussain et al., 1974) and the minimum strain energy density (SED) criterion (Sih, 1974) are three popular criteria
for investigating mixed mode fracture in engineering materials like glasses.
While for some test conﬁgurations like the compact tension–shear specimen or the sandwich beam specimen, the exper-
imental results reported for mixed mode fracture in soda lime glass are consistent very well with theoretical fracture criteria
(see for example Yoda et al., 1995 and Sglavo et al., 2003), a review of papers shows that the reported data for mixed mode
fracture toughness of soda lime glass obtained from the CBD experiments are always signiﬁcantly higher than the theoretical
predictions of the fracture criteria like the MTS criterion. This implies that the application of these criteria is conﬁned only to
limited loading and geometry conditions. Therefore, a more general criterion is required for predicting brittle fracture under
mixed mode loading. In this research, a generalized MTS criterion proposed by Smith et al. (2001) is used for evaluating the
fracture toughness data reported from the CBD tests on soda lime glass. The generalized MTS criterion takes into account the
effect of a non-singular stress term called the T-stress in addition to the conventional singular terms of stress. It is shown that
the generalized criterion can provide signiﬁcantly improved estimates of mixed mode fracture toughness data obtained from
fracture tests using the CBD specimens. In the next section, a brief review of the generalized MTS (GMTS) criterion is
presented.
2. Generalized MTS criterion
Compared to the conventional MTS criterion, the GMTS criterion (Smith et al., 2001) makes use of a more accurate equa-
tion for the tangential stress around the crack tip. According to Williams (1957), the tangential stress in a linear elastic
cracked body can be written as an inﬁnite series expansionrhh ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p cos h
2
K I cos2
h
2
 3
2
K II sin h
 
þ T sin2 hþ Oðr1=2Þ; ð1Þwhere r and h are the crack tip coordinates shown in Fig. 1. KI and KII are the mode I and mode II stress intensity factors and T,
usually called the T-stress, is a constant and non-singular term independent of distance r from the crack tip. The higher order
terms O(r1/2) are normally negligible near the crack tip. According to the GMTS criterion, crack growth initiates radially from
the crack tip along the direction of maximum tangential stress h0. Also the crack extension takes place when the tangential
stress rhh along h0 and at a critical distancerc from the crack tip attains a critical value rhhc. Both rc and rhh are assumed to beσ θθ
σ θθ
θ
r
KI
KI
KII
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Fig. 1. Crack tip coordinates in polar system and two major modes of crack deformation.
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in Eq. (1), the GMTS criterion considers the effect of T-stress in addition to the singular term.
Based on the GMTS criterion, the angle of maximum tangential stress h0 is determined fromorhh
oh

h¼h0
¼ 0) K I sin h0 þ K IIð3 cos h0  1Þ½   16T3
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2
¼ 0; ð2Þand the onset of mixed mode I/II fracture takes place whenrhhðrc; h0Þ ¼ rhhc: ð3Þ
If the angle h0 determined from Eq. (2) is replaced into Eq. (3), the critical condition for fracture initiation is found fromﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
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2 h0; ð4Þwhere KIf, KIIf and Tf are the critical values of stress intensity factors and T-stress corresponding to mixed mode fracture.
Meanwhile, for pure mode I (i.e. when KIIf = 0 and h0 = 0), Eq. (4) simpliﬁes toﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
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; ð7Þwhere B is often called the biaxiality ratio, Eq. (6) can be presented in terms of Ba:K Ic ¼ cos h02 K If cos
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2
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 
þ BaKeff sin2 h0: ð8ÞEq. (8) presents the GMTS criterion in terms of KIf, KIIf and B. By ignoring the effect of T-stress in Eq. (8) (i.e. by assuming
Ba = 0), the conventional MTS criterion is obtained. Eq. (8) shows that B (or the T-stress) can inﬂuence the fracture load
and hence the fracture toughness of cracked bodies under mixed mode loading. More details about the GMTS criterion
can be found in Smith et al. (2001). According to Smith et al. (2001), the mixed mode fracture toughness of a cracked
specimen depends on the magnitude and the sign of T-stress. The sign of T-stress in cracked specimens depends on the
geometry and loading conditions. While KI and KII describe the severity of stress singularity around the crack tip, the
magnitude and the sign of T-stress can inﬂuence signiﬁcantly the onset of fracture in cracked specimens subjected to
mixed mode I/II loading. In general, a negative T-stress increases the mixed mode fracture toughness and conversely
the mixed mode fracture toughness decreases for specimens having positive T-stress. In the upcoming section, the
CBD specimen is described in more details and the GMTS criterion is used for fracture analysis of the CBD specimens
which were used for testing some glasses.Fig. 2. Cracked Brazilian disc (CBD) specimen subjected to a diametrally compressive load.
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The geometry and loading conﬁguration of the CBD specimen is shown in Fig. 2. The specimen is a circular disc with a
central crack of length 2a. When the CBD specimen is subjected to diametral loading, depending on the crack inclination
angle b, different mode mixities could be provided. The stress intensity factors KI and KII in the CBD specimen are often writ-
ten asK I ¼ Y I PRt
ﬃﬃﬃ
a
p
r
; ð9Þ
K II ¼ Y II PRt
ﬃﬃﬃ
a
p
r
; ð10Þwhere P is the applied compressive load, and R and t are the disc radius and thickness, respectively. YI and YII are the mode I
and the mode II geometry factors. The geometry factors YI and YII are functions of the crack length ratio a/R and the crack
inclination angle b. In the CBD specimen, pure mode I loading is achieved for b = 0 that is when the crack line is along
the loading direction. A non-zero b gives rise to a mode II contribution in addition to the mode I deformation. When b be-
comes larger, the effect of mode I decreases and the effect of mode II increases. For any crack length ratio a/R, there is a
unique angle bII in which the mode I stress intensity factor vanishes and the specimen is subjected to pure mod II.
For fracture analysis of the CBD specimen using the GMTS criterion, the geometry factors YI and YII, and also the T-stress
should be known. The geometry factors have already been calculated by means of analytical and numerical methods, see for
example, Awaji and Sato (1978), Atkinson et al. (1982), Ayatollahi and Aliha (2007). Fig. 3 shows the variations of geometry
factors YI and YII versus b in the CBD specimen. It is seen from this Figure that depending on a/R, pure mode II is obtained at
angles typically between 20 and 30.
The T-stress has also been calculated for the CBD specimen by Fett (2001) and Ayatollahi and Aliha (2007) as a function of
a/R and b. Recently, Ayatollahi and Aliha (2007) performed a large number of ﬁnite element analyses for calculating the
T-stress for various ratios of a/R and in the full range of mixed mode loading from pure mode I to pure mode II. Using the
data given by Ayatollahi and Aliha (2007) for T, the biaxiality ratio Bwas calculated for the CBD specimen under mixed mode
loading. Fig. 4 shows the variations of the biaxiality ratio versus the crack angle b. It is seen that B and hence the T-stress is
always negative in the CBD specimen.
Here, the GMTS criterion is rewritten for the CBD specimen in terms of YI, YII and B. If KI, KII and T in Eq. (2) are replaced by
their corresponding normalized parameters YI, YII and B, the direction of maximum tangential stress h0 can be calculated
from½Y I sin h0 þ Y IIð3 cos h0  1Þ  163 Ba
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
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¼ 0: ð11ÞWhen mixed mode fracture initiates, KI = KIf and KII = KIIf and hence Eqs. (9) and (10) can be written asK If ¼ Y I PfRt
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Fig. 3. Variations of geometry factors YI and YII in the CBD specimen for different values of a/R and b (Atkinson et al., 1982).
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Fig. 4. Variations of B in the CBD specimen for different values of a/R and b (Ayatollahi and Aliha, 2007).
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sin2 h0 ð16ÞIf the fracture angle h0 calculated from Eq. (11) for any modemixity is replaced in Eqs. (15) and (16), the mixed mode fracture
resistance of the CBD specimen is determined in a KIf/KIc–KIIf/KIc diagram. This will be elaborated in the following section for
several glasses tested by the CBD specimen.
4. Results and discussion
In this section, the GMTS criterion is employed to analyze the reported test data for soda lime glass tested with the CBD
specimen. The disc radius R, the crack length ratio a/R and the specimen thickness t for the CBD specimens used by Shetty
et al. (1987), Shetty and Rosenﬁeld (1991) and Awaji and his co-workers (1998, 1999) for testing the soda lime glass are pre-
sented in Table 1.
The following steps were utilized for predicting the onset of brittle fracture in the tested CBD specimens from the GMTS
criterion:
(1) Using the values of a/R and b reported for each test specimen, the crack tip parameters YI, YII and B were determined
from Figs. 3 and 4.
(2) The angle of maximum tangential stress ho was computed from Eq. (11).
(3) The numerical values of KIf/KIc and KIIf/KIc were calculated using Eqs. (15) and (16).
(4) A point corresponding to each pair of KIf/KIc and KIIf/KIc was determined in a (KI/KIc)–(KII/KIc) diagram.ions of CBD specimens used for testing the soda lime glass
ce R (mm) a/R t (mm)
et al. (1987) 25 0.25 2.3
and Rosenﬁeld (1991) 25.4 0.25 2.2
nd Kato (1998) 20 0.40 2
t al. (1999) 20 0.40 2
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(6) A curve was ﬁtted to the points obtained for each set of tests with a given a/R.
The procedure described above was used and the GMTS fracture curves were derived for each of the glass tested by the
CBD specimen under mixed mode loading. The theoretical predictions based on the GMTS criterion together with the re-
ported experimental data are displayed in Figs. 5–8. Also shown in these Figures is the fracture curve related to the conven-
tional MTS criterion. It is noteworthy that for numerical calculations in the GMTS criterion, an appropriate value for the
critical distance rc should be used. Several values of rc were examined for each of the tested glasses and the appropriate value
was taken as the value which provides the best ﬁt to the experimental data. As shown in Figs. 5–8 a critical distance rc of
0.23 mm is able to estimate very well the test data obtained from independently conducted sets of experiments on soda lame
glass.
It is seen from Figs. 5–8 that the GMTS criterion provides very good predictions for the experimental results. In all of the
cases, the results estimated by the GMTS criterion are in signiﬁcantly better agreement with the experimental results com-
pared to the results of the conventional MTS criterion. Other commonly used fracture criteria like the maximum energy re-
lease rate (G) criterion and the minimum SED criterion also fail to provide acceptable estimates for the experimental results.
To justify the improved predictions of the GMTS criterion, one may suggest that at a micro-structurally important distance
from the crack tip, the singular term in Eq. (1) is not sufﬁcient for describing the stresses that give rise to the initiation of
crack growth. Therefore, the GMTS criterion that in addition to the conventional singular term takes the effects of T-stress
into account is able to provide more accurate estimates for the experimental results.
It should be noted that the effect of T-stress on mixed mode brittle fracture was ﬁrst studied by Williams and Ewing
(1972) through a large number of tests conducted on PMMA using the angled center-crack plate. Williams and Ewing
(1972) and Finnie and Saith (1973) showed that the theoretical estimates of experimental results are improved signiﬁcantly
when the effect of T-stress is taken into account. However, almost all of the previous investigations on T-stress effects in
mixed mode brittle fracture are conﬁned only to the angled center-crack plate for which simple and closed form solutions
are available for KI, KII and T. Later, Shetty et al. (1987) also attempted to consider the effect of T-stress for improved esti-
mations of fracture loads in the tests conducted by the CBD specimen on soda lime glass, although they eventually failed
to provide an acceptable consistency between the experimental and theoretical results. Shetty et al. (1987) made an analogy
between the diametrally compressed CBD specimen and a biaxially loaded square plate containing an angled centr-crack. By
employing an approach similar to the one used by Williams and Ewing (1972) and Finnie and Saith (1973) for the angled
crack plate, Shetty et al. (1987) attempted to predict the fracture load in the CBD specimen by taking into account the effects
of the non-singular stress term, T. However, their slightly improved theoretical predictions were still signiﬁcantly different
from the experimental results; particularly for mode II dominated conditions (see Fig. 9). This discrepancy could be either
due to an inappropriate choice of rc = 0.0625 mm or because of an approximate solution they used for the T-stress. The
approximate solution T = r(1  k)cos2b was related to the biaxially loaded square plate in which r is the uniform far-ﬁeld
load in the vertical direction, k is the lateral load ratio, and b is the angle between the crack line and the vertical direction.KI / KIc
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Fig. 5. Predictions of GMTS criterion for mixed mode fracture in soda-lime glass tested with the CBD specimen by Shetty et al. (1987).
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Fig. 6. Predictions of GMTS criterion for mixed mode fracture in soda lime glass tested with the CBD specimen by Shetty and Rosenﬁeld (1991).
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Fig. 7. Predictions of GMTS criterion for mixed mode fracture in soda lime ﬂoat glass tested with the CBD specimen by Awaji and Kato (1998).
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in Fig. 9 that Shetty’s theoretical predictions using the approximate T-stress could be improved if rc was taken 0.23 mm. In
other words, an appropriate choice of rc was more important in improving Shetty’s results than an accurate solution for
T-stress. However, this conclusion is correct only when a/R is small. For larger values of a/R (e.g. a/R = 0.4 that was used
in the tests conducted by Awaji et al., 1999) the discrepancy between the accurate T-stress and the approximate T-stress
becomes more signiﬁcant (see Fig. 10). In such cases, the approximate solution for T-stress may also have a major effect
on inaccurate predictions of the experimental results.
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Fig. 8. Predictions of GMTS criterion for mixed mode fracture in soda lime ﬂoat glass tested with the CBD specimen by Awaji et al. (1999).
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Fig. 9. Mixed mode fracture in soda lime glass, the GMTS criterion results compared with the theoretical results given by Shetty et al. (1987).
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rc = 0.23 mm can be used for any combinations of mode I and mode II when soda lime glass is tested by the CBD specimen.
The value of rc that could provide a good ﬁtting of GMTS criterion to the experimental data is also the same even for the
independently conducted sets of CBD experiments reported in the literature by different researchers. It is very useful to
examine whether this value of rc can be used for estimating mixed mode fracture resistance of soda lime glass when another
test specimen is employed. For this purpose, the experimental results reported by Awaji et al. (1999), Kordisch et al. (1984)
and Panasyuk et al. (1965) were used. These researchers performed their mixed mode fracture tests on soda lime glass using
the angled center-crack plate under uniaxial loading. For this specimen, the crack tip parameters KI, KII and T are
β  (degree)
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T*
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5
Fig. 10. Accurate and approximate solutions of T* for a/R = 0.25 and 0.4.
Fig. 11.
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p
sin2 b; ð17Þ
K II ¼ r
ﬃﬃﬃﬃﬃﬃ
pa
p
cosb sinb; ð18Þ
T ¼ r cos 2b: ð19Þ
Using KI, KII and T given by Eqs. (17)–(19) and considering rc = 0.23 mm, the theoretical estimates were determined from the
GMTS criterion for mixed mode fracture in the center-crack specimen. Fig. 11 shows the theoretical results of GMTS criterion
together with the experimental results reported by Awaji et al. (1999), Kordisch et al. (1984) and Panasyuk et al. (1965). In
general, a good agreement is seen again between the theoretical and experimental results.
Fig 11 also displays the whole test data reviewed in Figs. 5–8 for mixed mode fracture in soda lime glass using the CBD
specimen. This Figure shows very well that a ﬁxed value of rc in the GMTS criterion is able to predict the experimental results
for two completely different test specimens. Therefore, one can conclude that the critical distancerc of soda lime glass is
independent of both mode mixity and the specimen geometry at least when using the CBD and center-crack plate specimens.KI / KIc
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Predictions of GMTS criterion for mixed mode fracture resistance of soda lime glass tested using (1) the disc specimen; and (2) the angled crack in
plate specimen (fracture tests conducted by Awaji et al., 1999; Kordisch et al., 1984 and Panasyuk et al., 1965).
320 M.R. Ayatollahi, M.R.M. Aliha / International Journal of Solids and Structures 46 (2009) 311–321As shown in Fig 11, the mixed mode fracture resistance of glass obtained from the CBD tests is signiﬁcantly higher than
that obtained from the angled center-crack plate. According to the GMTS criterion, this is because the T-stress in the CBD
specimen is highly negative. The fact that the test results obtained from the CBD tests on soda lime glass are considerably
above the conventional fracture criteria is important in practical engineering problems. Because, the value of T-stress for
cracked glass components in real applications is rarely as negative as in the CBD specimen. Hence, the mixed mode fracture
resistance of a given glass obtained from the CBD test is very likely to overestimate the fracture resistance of the same mate-
rial in other test conﬁgurations.
5. Conclusion
- Commonly used mixed mode fracture criteria like the MTS criterion underestimate signiﬁcantly the mixed mode frac-
ture resistance of glasses tested by the CBD specimen.
- The generalized maximum tangential stress (GMTS) criterion can justify the enhanced fracture resistance of the CBD
specimen under mixed mode loading. The GMTS criterion accounts not only for the effects of the conventional singular
stresses but also for the effects of the T-stress. In the CBD specimen, the T-stress is always negative and its magnitude is
signiﬁcant.
- According to the GMTS criterion, the T-stress plays an important role in the processes of fracture initiation in glasses
tested by the CBD specimen.
- There is a very good consistency between the experimental results reported for different glasses tested by the CBD
specimen and those theoretical results calculated based on the GMTS criterion.
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